We show that data from homodyne-like detection based on photon-number-resolving (PNR) detectors may be effectively exploited to reconstruct quantum states of light using the tomographic reconstruction techniques originally developed for homodyne detection based on photodiodes. Our results open new perspectives to quantum state reconstruction, and pave the way to the use of PNR-based homodyne-like detectors in quantum information science.
A quantum tomographic scheme is a technique to evaluate the expectation value of any observables and, in turn, to reconstruct the density matrix or the Wigner function of the system, by processing the outcomes of a quorum of observables, measured on repeated preparations of the state under investigation [1] [2] [3] [4] . In the continuous-variable domain, quantum states are usually reconstructed by means of optical homodyne tomography (OHT) [5] . From the technical point of view, OHT is based on an interferometric scheme (see the left panel of Fig. 1 ) in which a state ρ (the signal) is mixed at a balanced beam splitter (BS) with a high-intensity coherent state |β = ||β| e iφ (the local oscillator, LO). The two outputs of the interferometer are detected by two pin photodiodes, whose difference photocurrent is suitably amplified, rescaled by the LO amplitude |β|, and recorded as a function of the LO phase φ. By properly processing the data and applying advanced reconstruction algorithms, it is possible to achieve the complete knowledge of the state under investigation in terms of the density matrix [6, 7] and to calculate the expectation values of given observables [4] . Among them, we mention the inversion algorithms, which can be applied if the effective quantum efficiency of the detection apparatus is above 50 %, and the maximum-likelihood reconstruction protocols, which can be applied also in the presence of strong losses [8] [9] [10] [11] .
In this Letter we consider the homodyne-like (HL) detection scheme shown in the left panel of Fig. 1 . At variance with the standard homodyne detection scheme, in our apparatus the pin photodiodes are replaced by photon-number-resolving detectors and the LO |β is a low-intensity (few tens of photons) coherent state. The physical information is obtained from the difference between the effective number of detected photons, rather than from the difference between two macroscopic photocurrents. Recently, we have demonstrated that HL detection may be successfully exploited for state-discrimination of coherent states [12, 13] . Moreover, one has additional degrees of freedom available with HL data, and this may be used to outperform standard homodyne detection in quantum key distribution with continuous variables [14] .
Motivated by the results achieved so far, here we address quantum tomography of CV systems by the HL detection scheme [15] . We prove that the HL scheme may be efficiently employed to reconstruct the density matrix of single- 
A f F q P D g = = < / l a t e x i t > < l a t e x i t s h a 1 _ b a s e 6 4 = " x c e Q 7 V 0 9 mode quantum states, and to evaluate the expectation values of the first moments of the quadrature operator. In particular, we show that robust and reliable results may be obtained with a relatively modest unbalancing between signal and LO. We also investigate the role played by quantum efficiency, which is a crucial parameter in the reconstruction of nonclassical states.
In OHT, the elements of the density matrix ρ of a quantum state can be reconstructed as follows [1] [2] [3] [4] [5] [6] [7] 
where p(x, φ) = x φ | |x φ are the homodyne probability distributions and |x φ are the eigenstates of the quadratureŝ x φ = (â e −iφ +â † e −iφ )/ √ 2,â being the annihilation operator of the field, [â,â † ] = 1. In Eq. (1), F nm (x, φ) are a set of suitable sampling functions (see Ref. [7] for details). In practice, the probabilities p(x, φ) are retrieved from the difference of the two macroscopic photocurrents exiting the homodyne detector [16] [17] [18] , and the matrix elements are obtained by sampling F nm (x, φ) over data.
In our scheme, we replace p(x, φ) with the HL probability distributions p HL (∆ φ ), where ∆ φ = ∆/( √ 2|β|) and ∆ is the (phase-dependent) difference between the number of photons detected at the two outputs of the homodyne detector [13] . We
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notice that, while the outcome x of standard homodyne detection can assume any real value, the quantity ∆ φ is intrinsically discrete. However, this discretization does not represent a limitation for the proper reconstruction of the states under examination, as shown hereafter. The information coming from the HL scheme is contained in the joint statistics q(n, m) of the number of photons detected at the outputs of the BS. To find the theoretical expression of q(n, m), it is useful to consider the Glauber-Sudarshan P representation of the input state ρ
where P (z) is the P -function associated with ρ. After the interference of the input state with the LO (the coherent state |β ) at the balanced BS, the two-mode input state R in = ρ ⊗ |β β| becomes
and the corresponding joint photon-number statistics can be written as [19, 20] :
where
We note that, thanks to this formalism, we can easily add the effect of quantum efficiency η k of the detector on the output modes k = c, d, by replacing µ k (z, β) with η k µ k (z, β). Starting from the joint probability (4) it is possible to calculate the theoretical probability distribution of the quantity ∆ = n−m, namely
and the corresponding "rescaled" version p HL (∆ φ ), where ∆ φ = ∆/( √ 2|β|). In order to investigate the performance of the HL detector, we consider some paradigmatic optical states: the coherent state, which is phase-sensitive, its phase averaged counterpart (PHAV), which is of course phase insensitive, and the single-photon Fock state. While for the coherent and the PHAV states we provide an experimental demonstration, for the Fock state we performed Monte Carlo simulated experiments and we studied the effect of a nonunit quantum efficiency η < 1 with respect to the ideal case, namely η = 1.
For a coherent state ρ = |α α|, the theoretical joint photon-number statistics, and the HL distribution, can be obtained by setting P (z) = δ (2) (z − α), where δ (2) (ζ) is the complex Dirac's delta function. The experimental setup is sketched in the right panel of Fig. 1 . The second harmonic pulses (∼ 5 ps pulse duration) at 523 nm of a mode-locked Nd:YLF laser regeneratively amplified at 500 Hz were divided at a Mach-Zehnder interferometer into two parts in order to yield the signal and the LO. The length of one arm of the interferometer was changed in steps by means of a piezoelectric movement (Pz) in order to vary the relative phase φ between the two arms in the interval [0, π]. Two variable neutral density filter wheels (ND) were used to change the balancing between the two beams, which were then recombined in a balanced BS. At the BS outputs two multi-mode 600-µm-core fibers (MF) delivered the light to a pair of photon-numberresolving detectors. In detail, we employed two hybrid photodetectors (HPDs, mod. R10467U-40, Hamamatsu Photonics), whose outputs were amplified, synchronously integrated and digitized. HPDs are commercial detectors endowed with partial photon-number-resolving capability and a good linearity up to 100 photons. As already demonstrated elsewhere (see for instance [13, 21, 22] ), HPD response can be characterized in a self-consistent way with the same light under examination. Here we just remark that from the experimental data it is possible to calculate the gain of the detection apparatus in order to recover the distribution of detected photons at each BS output. In addition, this kind of detector allows us to obtain information on the relative phase between the two arms of the interferometer by simply monitoring the mean number of detected photons measured at each BS output as a function of the piezoelectric movement [13, 23] . In the present case, 3 × 10 6 data corresponding to subsequent laser pulses were recorded and used to reconstruct the density matrix of the coherent state and of the PHAV state, which is a diagonal state obtained by randomizing the phase of a coherent state |α = ||α| e In order to process the data corresponding to the coherent state, once obtained the number of detected photons at each BS output, we calculated the shot-by-shot photon-number difference, ∆. The corresponding phase value φ was determined by acquiring a suitable data sample (5 × 10 4 pulses) for each one of the 60 piezo positions. As the piezo moves in regular steps, the measured mean number of detected photons follows a sinusoidal trend due to the interference at the beam splitter, from which the effective value of φ for each piezo position can be evaluated. The 5 × 10 4 data corresponding to the same φ were uniformly distributed around that value with a step of 1/(5 × 10 4 ). The typical behavior of ∆ φ as a function of φ is shown in Fig. 2(a) (3 × 10 5 data). Note that, due to irregularities in the piezoelectric movement, the data are not uniformly distributed in φ. The reconstruction procedure was applied to 10 sets of 3×10 5 data drawn from the whole sample: the modulus of the average density matrix is shown in Fig. 2(b) . The corresponding mean number of photons is n = n n ρ n,n = 1.06. The fidelity [24] between the reconstructed coherent state and a coherent state with the same amplitude is F = 99.4 %.
As a matter of fact, the fidelity may not fully assess the quality of a reconstruction scheme [25] and therefore, in or- der to test the quality of HL reconstruction, we also consider the HL evaluation of the expectation values of some observables. To this aim, we remind that given a generic observable, we may obtain its expectation value Â = Tr[ρÂ] from the distribution of homodyne data as [4] 
where R[Â](x, φ) is a kernel, or pattern function, associated with the operatorÂ. For instance, in the following we will use the fist two moments of the quadrature operator, which may be obtained from the kernels [4] :
By using the HL probabilities p HL (∆ φ ) instead of p(x, φ) and setting θ = 0 from Eq. (7) . The last result explicitly shows the contribution to the variance due to the low-intensity LO, which becomes negligible as |β| |α|. Notice that since we are dealing with classical states, the quantum efficiency just rescales the energy of the detected states, and we can safely set η = 1: the results we obtain are thus referred to the detected states. We see that while the mean value of the quadrature is well reconstructed by the experimental data, the variance is larger than expected. Such discrepancy is likely due to phase fluctuations occurred during the measurements session. In order to check whether this interpretation holds, we consider the PHAV state, which is phase insensitive and thus should not be influenced by the presence of possible phase fluctuations. As in the case of the coherent state, we saved 10 sets of 3 × 10 5 data by calculating the shot-by-shot photon-number difference between the two BS outputs. Since the PHAV state is phase-insensitive, we randomly assigned a phase value to each experimental value of d. A typical trace of d vs. φ is shown in Fig. 3(a) , whereas in panel (b) the modulus of the reconstructed density matrix is presented. As expected, the off-diagonal elements are absent. In order to compare the reconstructed matrix to the theoretical prediction in Eq. (6) We now turn the attention to the Fock state |1 , for which we show the results obtained by using Monte Carlo simulated experiments setting β = √ 20. The state |1 has a highly singular P function given by:
and the joint probability in Eq. (4) reads:
where we assumed that both the detectors have the same quantum efficiency η. The corresponding p HL (∆) is quite clumsy and is not explicitly reported here. In Fig. 4(a) , we show a typical HL trace, i.e. ∆ φ as a function of φ, obtained from a Monte Carlo simulation (with 5 × 10 4 data) assuming ideal detection, i.e. η = 1. It is clear that, as one may expect, ∆ φ does not depend on the relative phase φ since the Fock state is phase insensitive. The modulus of the reconstructed density matrix is plotted in panel Fig. 4(b) . In this case the density matrix is diagonal and thus the fidelity of the state coincides with that of the photonnumber distribution. In particular, for the density matrix in Fig. 4(b) we have F = 99.9 %.
Up to this point, we have shown the reliability of the HL detection scheme and of the reconstruction strategy under ideal detection conditions. However, since photon-numberresolving detectors are real detectors, it is worth investigating whether the HL scheme also works in the presence of an overall quantum efficiency η < 1. When standard HD is adopted, it is well known that a non-unit quantum efficiency rescales the mean value of the reconstructed density matrix in the case of classical states of light, such as coherent and PHAV states, whereas it deeply modifies the properties of the reconstruction in the case of nonclassical states, such as Fock states [17] . In order to check if analogous results can be achieved by means of the HL scheme, we present the results obtained by simulated experiments for the Fock state |1 . We assume the same value of LO adopted above, i.e. β = √ 20, but now we set η = 0.4, a realistic value for many kinds of photonnumber-resolving detectors [21, 26] . In Fig. 5 , we plot the modulus of the reconstructed density matrix, panel (a), and the photon-number statistics, panel (b), for the Fock state |1 . It is clear from the reconstructed density matrix that the effect of a non-unit quantum efficiency is to add a vacuum component to the state: in this case the expected density matrix is ρ = η|1 1| + (1 − η)|0 0| [17] and its fidelity with respect to the reconstructed one is F = 99.0 %. In conclusion, our numerical and experimental results demonstrate that the HL detection scheme may be used, instead of standard (pin-based) homodyne detectors, to reconstruct the density matrix of quantum states of light, as well as the first two moments of the quadrature operator. Our results open new perspectives to quantum state reconstruction, and pave the way to the use of PNR-based homodyne-like detectors in quantum information science.
